Abstract-This paper proposes a multi-timescale operational approach for a three-phase unbalanced distribution system containing hourly scheduling at substation level and minutes power flow operation at feeder level. In the substation scheduling model, the objective is to minimize the system cost with variable renewable generations. The given error distribution model of renewable generation is formulated as a chance constraint and derived into a deterministic form by Gaussian mixture model with genetic algorithm-based expectation-maximization. In the feeder scheduling model, the system cost is further reduced with the optimal power flow (OPF) at a timescale of minutes. Considering the nonconvexity of the three-phase unbalanced OPF problem in distribution systems, the semidefinite programming is used to relax the problem into a convex problem and a distributed computation approach is built based on alternating direction method of multiplier. The IEEE 123-bus distribution system, University of Denver campus distribution system, and the IEEE 8500-bus distribution system are used as the test bench for the proposed approach. The numerical results demonstrate the effectiveness and validity of the proposed method.
The established price for reselling the redundant power generated by distribution systems to the electric market.
The hourly electric power amount purchased from the day-ahead market.
G RT t
The RT power compensation.
The renewable generation at t, forecast renewable generation for time t. The load at time t, the forecast load at time t.
P ij
The branch loss from bus i to j.
I ij
The complex current from bus i to j. z ij The complex impedance from bus i to j.
E
The branch set of the distribution system, which can be represented with the set of buses and branches: G = [V, E].
S ij
The complex power flow. G err1 , G err2 Renewable energy forecast error, load forecast error. γ A probability is used to limit the power unbalanced error.
V i
The magnitude of voltage at bus i. (l) The posterior probability at the l-th iteration.
Z
The complete data set, where Z = (X , ). = {ξ 1 , ξ 2 , . . . , ξ N }, each ξ n is denoted as a M-dimensional vector [z 1 n , z 2 n , . . . ,
The ratio of the residual deviation of the forecasting error model.
∇ org
The original forecasting error distribution.
∇ d
The deformed forecasting error model by GSM and GMM.
G
The distributed network of a radial tree topology.
The parent bus, children buses of bus i, where i ∈ N B , and N B is the set of buses. p i , q i The active and reactive power at bus i. P i , Q i
The active and reactive power of the distribution line at bus i. s i The injection power at bus i. G W t Total renewable generation delivered to buses in time t.
I. INTRODUCTION
W ITH development of distributed generation technology, power distribution technology and markets attract more attention in recent research work [1] - [6] . Considering variable outputs of high penetration renewable energy, a distribution system faces major challenges, and various approaches are developed to improve grid reliability and market efficiency. For example, in [1] , a day-ahead market energy auction approach is proposed for distribution system operation. In [7] - [10] , a multi-timescale power system operation approach is proposed for variable renewable energy generation. In [11] , a storage-based operation approach is proposed to reduce the operation cost of a distribution system with renewable energies. In [2] and [12] , an optimal operation approaches are proposed with demand response in distribution system with renewable energies. However, all these studies consider less or nothing with system loss, especially for the distribution power system, which significantly impacts operation costs of the distribution system. Considering this issue, in this paper, a multi-timescale operation approach is proposed to reduce the operation cost, and a three-phase unbalanced optimal power flow is proposed and integrated to further reduce system loss of analysis approach the distributions system with various renewable energies.
Considering the increasing penetration of renewable energy sources such as wind and solar, the variable output profiles of PV and wind turbines bring a stochastic operation problem for the reliability of distribution systems. In [13] - [15] , it is assumed that the forecasting errors of the renewable energy can be collected, then a single Gaussian model is employed to fit the error distribution and the chance constraints [16] - [18] can be formed in a convex manner. In modern distribution system, several PVs or micro wind turbines are connected into a certain bus. It is very difficult to formulate the aggregated error distribution with a single Gaussian model. In [19] , a Gaussian mixture model (GMM) is employed to solve the wind power generation caused uncertainty, but how to decide the number of Gaussian components is ignored. In this paper, based on the expectation-maximization method [20] , [21] , a genetic algorithm (GA) based approach is employed to determine the number of Gaussian components for the aggregated error distribution, and the related chance constraints can be formulated in convex forms. Genetic algorithm (GA) is a heuristic algorithm, which are widely employed to produce high-quality solutions for optimization problems [22] - [24] .
Specifically, the widely studied optimal power flow (OPF) problem is an effective tool to reduce the system loss with system operational constraints [25] , [26] . However, different from transmission system, the three-phase unbalanced OPF problem in distribution system is a nonconvex problem, which provoke a critical challenge for the researchers. In [27] , a particle swarm optimization (PSO) based approach is used for the OPF problem in distribution system. In [28] and [29] , the OPF problem is solved by ant colony optimization (ACO) based approach. However, these heuristic approaches such as PSO and ACO are usually trapped into local minimums and cannot guarantee the global optimal solutions for the three-phase unbalanced OPF problem for the distribution systems [30] , [31] . In [32] and [33] , the OPF problem is relaxed by secondary-order cone programming (SOCP) and semi-definite programming (SDP) separately. However, these approaches are focusing on the three-phase balanced systems. Therefore, to reduce the loss of the distribution system, the SDP is used to relax the three-phase unbalanced OPF problem into a convex problem. Then, the alternating direction method of multiplier (ADMM) is used to compute the OPF problem in a distributed manner to reduce the computation time, which is significant indispensable for large-scale distribution systems. ADMM is a widely implemented optimization algorithm that solves the global convex optimization problems by breaking them into smaller local pieces, each of which are then easier to handle [32] . The idea of ADMM takes the form of a decomposition-coordination procedure, in which the optimal solutions to small local subproblems are coordinated to find a solution to a large global problem. This method can be seemed as an attempt to blend the benefits of dual decomposition and augmented Lagrangian methods for constrained optimization [34] - [37] .
The main contributions of this paper are as follows: 1) From perspective of a distribution system operator, a multi-timescale analysis approach is proposed for a three-phase unbalanced distribution system. 2) Considering day-ahead dispatch with the substation level, the objective is to minimize the system cost with renewable energy, and the corresponding chance constraint is build based on GMM and GAEM. 3) At the feeder level, the objective also aims to minimize system loss, an OPF problem is formulated for the threephase unbalanced system, relaxed by SDP and solved by ADMM. In the proposed multi-timescales model, feeder scheduling is designed with higher time resolutions and update frequencies, which can achieve near real-time (RT) calculation. 4) In numerical results, the IEEE-123 bus distribution system, the IEEE-8500 distribution system, and the University of Denver distribution system are employed with various scenarios to demonstrate the feasibility and effectiveness of the proposed approach.
The remaining of the paper is organized as follows. The flowchart of the proposed approach is described in Section II. In Section III, the substation scheduling model is built with renewable generation, which are formulated as a deterministic form with GAEM. In Section IV, with a feeder scheduling model, the OPF problem is solved with ADMM for the three-phase unbalanced distribution system. The numerical simulation and results are presented and analyzed in Section V. The proposed approach is concluded in Section VI.
II. THE FLOWCHART OF THE PROPOSED APPROACH
In this paper, a multi-timescale stochastic approach [38] , [39] is applied to reduce the operation cost of a distribution power system. We propose a configurable stochastic approach with multi-timescale scheduling procedure, which consists of day-ahead power scheduling, real-time power trading constraints, and OPF in the distribution system. The twolayer stochastic optimization is implemented. The proposed multi-timescale framework is realized by the distribution power system at the substation level with different renewable energies and an additional OPF controller at feeder level. The day-ahead power scheduling is decided one day before the corresponding operation, the consumption cost model at the substation level is updated hourly to attain the optimal operation cost, and the OPF works more frequently at the feeder level intra-hourly to minimize system loss.
As in Fig. 1 , the proposed approach consists of two layers, the stochastic optimization for hourly scheduling at the substation level, and the three-phase unbalanced OPF for minutes operation at feeder level. In the proposed two-layer framework, the optimal day-ahead scheduling power, purchased from the utilities for the next 24 hours, is computed in the first layer. In the second layer, using the results from the first layer, the OPF is computed to reduce system loss and the total system cost within an hour.
Specifically, in the left part of Fig. 1 , the forecasting error distribution is derived from the historical data. Combined with renewable energies, a day-ahead hourly scheduling objective function can be formulated with the chance constraints. According to GAEM, the given aggregated error distribution model of the renewable energies can be accurately modeled with a combination of several Gaussian components. With probability analysis, the chance constraints can be formulated into deterministic forms for stochastic optimization. Finally, the optimal hourly schedule is determined and the optimal operation cost is computed at substation level.
In Fig. 1 , at the feeder level (the right side), a three-phase unbalanced optimal power flow analysis is used to model and compute distribution system loss. In this paper, 2.5% of the renewable generation in the system are reserved for OPF regulation at feeder level. Considering the nonconvexity of the three-phase unbalanced OPF problem, SDP is used to relax the OPF problem. Compared with the centralized methods, ADMM is employed to solve this problem in a distributed manner to reduce computational time. Finally, the three-phase unbalanced OPF can be solved to minimize the system loss at feeder level.
The total cost is formulated in (1), which is represented as the sum of the operation cost at the substation level and feeder level:
where the costs of substation and feeder levels are (f sub ) and (f fee ), respectively, and β is a weighting coefficient, if β = 1, the two levels are with the same importance.
III. DAY-AHEAD HOURLY SCHEDULING AT THE SUBSTATION LEVEL

A. Problem Formulation
The load consumption cost model at substation level can be defined as:
where t = 1, 2, . . . , T represents the time index, and T is the maximum time index under investigation. DA t G DA t is the generation cost of day-ahead scheduling and R t G R t is the renewable generation cost. δ t · RT t G RT t presents the deviation power purchased from RT market to satisfy generation and assumption balance. And
is the corrective action (CA), which indicates the redundant energy will be resold to the market in a lower price. It is notice that, the total renewable power generation is divided into two parts, 97.5% of the total renewable power generation is used to minimize the operation cost at the substation level (G R1 ), 2.5% is used to optimize the OPF problem at the feeder level (G R2 ).
Typically, a forecasting error model represented by a normal distribution is used to incorporate the uncertainty of renewable generation [40] . In this paper, the load forecasting error model is represented as normal distribution. The hourly renewable generation forecast and the hourly load forecast are described as:
subject to: where the constraints include the modified power balanced equation, market price limitation, capacity limits for
δ t is a binary variable to describe the relationship between G DA t + G W t and G DL t . It is assumed that the relationship of the unit prices in (5b), the RT price ( RT t ) is the highest, and R t is lower than DA t . It is easy to understand that the s t should be the lowest in case of purchasing redundant power generation from the day-ahead market. (5h) defines that the load demand will not exceed the total amount of the renewable generation and the day-ahead power scheduling with probability γ . In (5i), for each hour, the amount of the used renewable generation for all buses should be larger than the renewable generation at chance α, where 0 < ρ < 100%.
B. Genetic-Based Expectation Maximization Algorithm for Learning Gaussian Mixture Model
A brief description of finite GAEM is given below, which is used to model the forecasting error distribution of the renewable generation as in (6) .
The GMM in (6) is a summation of N Gaussian components with different weights ( n ).
Here, weight ( n ≥ 0), and N n=1 n = 1, θ n = (μ n , n ) are the means vector and the covariance matrix of the nth Gaussian component.
The EM algorithm is typically used as a standard approach to calculate the parameters of the mixture model, which consists of an expectation-step (E-step) and a maximization-step (M-step).
For the E-step, the complete data Z = { (x 1 , ξ 1 ), (x 2 , ξ 2 ), . . . , (x m , ξ m ) }, where
is known as the observed data and incomplete, ξ m is the component identity of x m . The algorithm will be ended when the log likelihood function in (7) reaches the convergence.
The posterior probability (ξ n ) at the l-th iteration is computed as:
For M-step, the parameters of the GMM is reestimated by ξ
For learning GMM parameters in [21] , GAEM shows its performance superiority in selecting the number of components based on the minimum description length (MDL) criterion [41] . Compared with the standard EM, the new algorithm is less sensitive to initial conditions. GAEM is capable of exploring the parameter more thoroughly, because of its population-based search skill. Meanwhile, the GAEM algorithm reserves the property of monotonic convergence as the conventional EM algorithm.
A comparison with GSM, GMM and the GAEM is illustrated in Fig. 2. Fig. 2(b) displays the modeled error distribution resulted from GSM. The results from standard GMM with 3 components are shown in Fig. 2(c) and Fig. 2(d) . Because standard GMM cannot determine the number of the components automatically, it bring inherent distribution modeling error. The GAEM are employed to model the error distribution, with results shown in Fig. 2(e) and Fig. 2(f) . GAEM can automatically determine the number of the components and reduce modeling error in this process.
In Table I , the skewness and kurtosis [42] are calculated as (12) and (13) . Skewness is defined to measure the data asymmetry around a sample mean. And kurtosis is used to describe the outlier-prone of a distribution [42] .
where s skew and k kurt are skewness and kurtosis, respectively. μ and σ indicate the mean and standard deviation of input data x , which is shown in Fig. 2(a) . E is the expectation. Compared with the parameters in Table I , the skewness and kurtosis of the proposed approach in Fig. 2(f) is the closest to actual data in Fig. 2(a) , which means the error distribution can be very accurately modeled with proposed approach.
On the other side, the ratio of the residual deviation η is used to evaluate the performance of different approaches, where ∇ org is the envelope of the original forecasting error distribution, and ∇ d is the envelope of the forecasting error distribution attained from GSM, general GMM and GAEM. According to (14) , the ratio of the residual deviation of GSM is 2.17%, GMM is 1.27%, and GAEM is 0.13%. It is clear that the proposed approach has the best performance for error distribution modeling.
C. Chance Constraints
According to the above discussion, the proposed GAEM is capable to accurately model aggregated error distributions and determine the number of components at each feeder, which can effectively convert the chance constraints of the forecasting error model in (5h) (5i) into deterministic problems.
Because G err1 and G err2 are normally distributed with mean (μ 1 , μ 2 ), covariance ( 1 ) for multiple renewable generators and variance (σ 2 2 ) for load forecast. The joint probability distribution of the renewable generators can be obtained by the proposed GAEM model with a high accuracy, which demonstrates the efficiency of the proposed approach further more.
Based on the chance constraints in (5h) and (5i), it is assumed that
The expectation and the variance can be calculated as:
Accordingly, the chance-constraint in (5h) and (5i) can be converted into deterministic formulation with the proposed GMM model as
where (·) indicates the cumulative distribution function of the standard normal distribution. Taking the inverse of (·), the analytical formulation is derived as following:
IV. OPF AND THE ADMM BASED SDP RELAXATION
A. ADMM
Blending the decomposability of dual decomposition, ADMM shows the superior convergence property of augmented Lagrangians [32] . For a general ADMM problem, the optimization problem is formulated as
subject to:
where K 1 , K 2 are convex sets. Then the objective is augmented as:
where ρ is a non-negative constant used to decide if the objective is an augmented (ρ > 0) or standard (ρ = 0) Lagrangian. Then λ is generally defined as the Lagrange multiplier for the equality constraint in (26) . After formula deformation, ADMM repeats the iterations,
Refer to [32] , ADMM is guaranteed to reach the converged optimal solution with looser restricted conditions.
B. ADMM Application
This paper aims to minimize the total operation cost of the distribution power system.
A distributed network is usually modeled as a tree radial topology G, which indicates that each bus i in this system only has one parent bus U i and a few children buses C i . G = (N B , N l ), where N B = {0, 1, . . . , n} represents the set of buses. N l is the set of the distribution lines, which are used to connect the buses in N B . Each i ∈ N L = {1, 2, . . . , n} indicates the line connected from bus i to its parent bus U i .
Compared with bus injection model, branch power flow provides better usability and stable computation results for distribution network. For a three-phase power system, the branch power flow S 
According to the definition of branch flow model, the network G is defined as
where P i and Q i indicates the bus i ∈ N L , p i and q i means the bus i ∈ N B . S 0 is the root of the topology without parent bus. S and S + denote Hermitian and the positive semidefinite matrices, respectively. And (.) H denotes the Hermitian transpose. Because the proposed distributed system is radial with unique phase angle of current and voltage at each bus, the branch flow model in (33)- (36) can be regarded as a complete AC power flow [32] .
In (39a), the magnitude of the voltage obeys a reasonable range. The system controlling parameter s
is defined, which is limited by the renewable generation in (40) . Based on the schedule results of first system layer, G R2 is defined as 2.5% of the total renewable generation and used at feeder level.
The objective function of optimal cost at the feeder level is formulated as
subject to: (33)- (38) , (39a), (39b) and (40) . The OPF problem in (41) cannot be regarded as a convex problem because of the rank constraint in (38) . Due to the SDP relaxations in [33] , the rank constraint in (38) can be removed and obtain a lower bound for the revised OPF problem in (42) . It has been improved in [43] , the semidefinite relaxed OPF is exact if the optimal solution of (42) still satisfy the rank constraint and the original OPF problem is also optimal.
The OPF formulation with relaxation is summarized as:
subject to: (33)- (37), (39a), (39b) and (40).
V. NUMERICAL SIMULATION AND RESULTS
A. Error Distribution Modeling Comparison
The historical data and modeling results for comparison are provided by National Renewable Energy Laboratory (NREL) [44] . In Table. II, the proposed GAEM algorithm can achieve better ratios of the residual deviation η as defined in (14) , than other algorithms. Considering the GA approach implemented in [45] and [46] , the population size is chosen as 600, which is enough to generate the new generation population with pinpoint accuracy. The probabilities of performing crossover and mutation are 0.8 and 0.08, respectively. The MATLAB Global Optimization Toolbox and Distributed Evolutionary Algorithms in Python are used for the GA approach. 
B. Day-Ahead Dispatching Cost at the Substation Model
The numerical results for evaluating the proposed method are tested based on the IEEE 123-bus system in Fig. 3 . Four wind turbines (100 kW for each) are connected at bus 25, 35, 76 and 105, respectively. The PV panels (55 kW for each) are installed at bus 28, 47, 49, 57, 64, 93 and 97. This system is used to demonstrate that the hybrid power system can work efficiently and reliably with the proposed approach.
The hourly renewable generation with the total operation cost is simulated in Fig. 4(a) , where the blue (yellow) bars indicates the wind (solar) power generation hourly in a day. In this case, the lower limit of the forecasting error model in chance-constraint is set to 97.0%. Fig. 4(a) describes the total operation cost with and without CA, which indicate with red and green curves, respectively. As shown in Fig. 4(a) , in Golden, Colorado, a typical day with a windy night and sunny daytime is selected with 24 hours data. The peak generation of the wind turbines (blue bars) and PVs (yellow bars) occurs at midnight and 14:00, respectively. The red line represents the total operation cost with CA, which indicates the system can resell redundant power at a lower price s t to the electricity market. Then, the total operation cost can be reduced with benefits from reselling. The total operation costs at 13:00 and 14:00 for both scenarios (with and without CA) are the same, which indicates there are no redundant energy to resell and the CA does not occur. The similar scenarios also occur at 7:00 and 18:00. For the rest of the time, the redundant energy is resold to the market with a lower price to reduce the total operation cost.
The proposed approach is compared with the GSM based approach in Fig. 4(b) for 24 hours. For each hour, the left bar describes the ratio of G DA t + G R1 t (light blue part) and G RT t (yellow part), which is fitted by GSM model. The corresponding total cost is displayed as a green dashed line. Similarly, the right bar describes the ratio of G DA t + G R t (dark blue part) and G RT t (orange part), which is fitted by GAEM model. The corresponding total cost is displayed as a red dashed line. It is clearly that the orange part is shorter than the yellow one, which indicates the GAEM model achieves less errors than the GSM model, and the system requires less energy from the RT market. The difference between two dashed lines demonstrates the proposed approach achieves a lower operation cost than GSM based approach.
Case 1 (Different Operation Costs for One Year Data at Substation Level):
Based on the discussion above, one year data with four seasons are employed to validate the proposed approach. Specifically, for each season, 30 days data are selected, and we also employed the GMM and GSM for comparison. As shown in Table III , the proposed approach achieves the minimum cost for spring, summer, autumn, and winter. It is demonstrated that with the high accuracy in modeling, the corresponding operation cost can be reduced significantly.
Case 2 (Total Operation Cost With Different Percentage Limit in Chance Constraints): As shown in Fig. 5 , the chance constraint probability γ in (5h) is set as 95.0%, 97.0%, 99.0% with blue, red, and orange colors, respectively. It is clear that the operation cost with γ = 95.0% is the lowest among others, and the highest cost is obtained with γ = 99.0%. These results are observed that a higher chance constraint probability γ requires a higher demand of G DA t + G W t in (5h), and the operation cost is also increased. 
C. Numerical Results of Other Test Benches
As shown in Fig. 6(a) , the proposed method is applied in the University of Denver campus grid model as a real power system to demonstrate the effectiveness. In the campus grid model, there are 57 buildings and 6 buildings are installed with renewable generators, which are Olin Hall, Daniels College, Sturm Hall, Ritchie Center, Law Center and Newman Center. The total rated power of the renewable energy is around 8 MW. Historical daily data in Autumn 2017 of DU campus were realized in this study. In Fig. 7(a) , the results show the total operation cost can be effectively reduced with the proposed approach. The pink line indicated the system operation cost can be furthermore decreased with the corrective action in (2) at some time of the day, which indicates the corrective action is used to resell the redundant power to electricity market. The results of the DU campus demonstrate the proposed method can be operated well on the real-world power system models.
As shown in Fig. 6 (b) [47] , the proposed method is implemented in an IEEE 8500 Bus System, which demonstrate a case study in a large-scale power distribution system. The installed power capacity of renewable energy is 20 MW. In Fig. 7(b) , a windy day in winter is selected, with persistent wind in 24 hours and a short sunshine duration for the study. Compared with the operation cost of GSM, GAEM reduces the operation cost effectively. Furthermore, the corrective action is further reduces the operation cost when redundant power appears.
D. Optimal Power Flow With ADMM
In this study, the micro wind turbines and PV panels in the system operate at approximately 97.5% maximum available power to create power margins for optimal power flow. The distribution line loss corresponding to Fig. 4(a) is shown in Fig. 8(a) . The magenta curve indicates the total distribution line loss without OPF, and the blue curve indicates the total distribution line loss with OPF. It is clear that the OPF can reduce the total distribution line loss while meeting the hourly scheduling requirements. Specifically, as in (40) the G R2 is defined as 2.5% of the G R , which is the upper bound of the injection power control for the OPF. At the peak generation of the renewable energies, the cost of system loss with OPF decreases more dramatically than others.
As demonstrated in Table IV , compared with other approaches such as interior-point and particle swam optimization [48] - [50] , it is obviously that the proposed approach has the minimum time consumption in DU campus, IEEE 123-, and 8500-bus systems. The convergence curves of the proposed approach in IEEE-123 bus system are shown in Fig. 8(b) . The curves of primal residual and dual residual decrease below 10 −4 after 35 iterations, which also demonstrates the high speed of the proposed approach. Meanwhile, the results of operation costs with and without OPF are simulated using testing data from four seasons in Table V , which demonstrates the proposed approach can efficiently reduce the operation cost at the feeder level.
VI. CONCLUSION
To reduce the uncertainty impact of the renewable generation in a three-phase unbalanced distributed power system, a multi-timescale approach is proposed for three-phase unbalanced distribution systems. Considering day-ahead dispatch at the substation level, the objective is to minimize the system cost with renewable generation, and the chance constraint is incorporated based on GAEM. For the feeder level, the objective also aims to minimize the system loss, an OPF problem is formulated for the three-phase unbalanced system, relaxed with SDP, and solved with ADMM. In the proposed multitimescale approach, the feeder scheduling is designed with higher time resolutions and update frequencies, which can obtain near RT calculation. The numerical results demonstrate the effectiveness and validity of the proposed approach in a real-world system model (DU campus grid), a medium-scale power system (IEEE 123-bus distribution system) and a largescale power system (IEEE 8500-bus distribution system). For all four seasons, system operation cost can be reduced by the proposed approach.
In real applications, the fast-developing technologies such as energy storage, gas, electrical vehicle, and water can benefit a lot for distribution systems, which also bring more challenges for distribution systems integration with gas systems, water systems, transportation systems. In the next step, these factors will be taken into considerations for future research.
